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The problem of studying the motion and stability of an elastic body with cavities con-
taining fluid is of definite theoretical and applied interest, This problem is an outgrowth
of the problem of dynamics of a solid with a fluid [1],

Equation of motion of an elastic body with cavities containing an incompressible fluid
and boundary conditions are deduced herein from the principle of least action, Condi-~
tions for the existence of some first integrals of the equations of system motion are men-
tioned, The equilibrium and stationary motion conditions are examined and a definition
is given for the stability of such motion,

A theorem reducing the question of the stability of equilibrium or of stationary motion
to a problem on the minimum of some functional is proved,

1, Let us consider some free elastic solid having a closed cavity filled entirely or
partially with an ideal, homogeneous, incompressible fluid, Let us rigidly connect a
rectangular Cartesian coordinate system Ox,2»T3, which remains unchanged, to the
elastic body in one of its steady states, say the undeformed state, The domains in the
Iyx2x3 space occupied by the elastic body and the fluid at a given time will be deno-
ted by T; and Ty, respectively, where S."denotes the boundary of the domain T;e

The surface S,"of the elastic body consists of the exterior body surface §; and the
cavity wall surface ¢, i.e. §," = S, -+ &.

The fluid surface S’ generally consists of its free surface S and the part.g, of the
cavity wall surface ¢ with which the fluid is contiguous at a given time, i,e, )" =
=8 + Cg.

The part of the surface ¢ with which the fluid is not contiguous at the given time is
denoted by ¢, so that 6 = 6, - G,-

If the fluid fills the cavity completely, the surface S,’ coincides with the surface o,
i.e. 'Sz' =6 = 6o in this case, there are no surfaces § and 35, . We shall henceforth
denote the areas of the appropriate surfaces by the same symbols S, 6, . The body and
fluid densities are denoted by p;and p2,where pz == const because of the incompres-
sibility and homogeneity of the fluid,

If the fluid partially fills a closed cavity, we shall consider the rest of the cavity to
be a vacuum with pressure p, = 0.

We consider the elastic body and the fluid in its cavity as a single mechanical system,
and we study its motion relative to some inertial coordinate system of axes Oz, x," x5’ .

The radius vector of some point P, of the system relative to the point O’ is

r,£, =r, r, (1.1)
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where r’, is the radius vector of the point (), r, the radius vector of the point P, rela-
tive to the point O.

According to the theorem on the addition of velocities, the absolute velocity vector
vy of the point P, can be represented as

Vo=V, +® X ry + Wy (1.2)

where v, is the velocity vector of the point O, @ the angular velocity vector of the
moving Ouz,x,x5 coordinate system, w, the relative velocity vector of the point P,.

By definition w, = dr,/d!, where the derivative with respect to the time / is taken
in the moving coordinate system, The displacement vector of points of the elastic body
due to elastic deformation are denoted by u,(r,’, t),where r.,° is the radius vector of
the point P, of the body in its undeformed state, We assume the function u (r°, ¢) to be
a continuously differentiable function of its arguments, The vector u, is evidently the
vector of relative displacement of the point P, of the body relative to the moving coor-
dinate system Ouz,x,75, so that for points of the elastic body

ry = r,% 4 u,, du, = wydt (1.3)

The kinetit energy of the system is comprised of the kinetic energies of the elastic
body and the fluid

E=",2mp} ="MVl + Mvys(0Xr1,) + '/30-8-0 +

+ vo- (3 plwdr-{-g p,,wdt) + m(S pyr X wdt - S p2r><wd1:>+

+ e (S prwrdrt + S paw?dv ) (1.4)
M =M, + M,, ro= M7 (Mr, + M,r,), 0 = 6 4 6@

Here M is the system mass, equal to the sum of the elastic body mass M, and the
fluid mass M3, r, is the radius vector of the system center of mass relative to the point
O , where 1, and r, are radius vectors of the body and fluid centers of mass, 6(1) and 62
the inertia tensors of the body and fluid, @ the system inertia tensor for the point O,
the subscript v denotes summation over all points of the system,

It is easy to see [1] that the systemn momentum and moment of momentum vectors
relative to the point O are respectively

= D>.myv, = grady I, G =D r,xmyv, = grady, £ 15
: grady, (1.9)

The equation of motion of an elastic body with a fluid can be deduced from the prin-
ciple of least action in the Hamilton-Ostrogradskii form, just as is the equation of motion
of a solid with a fluid [1]. The difference would just be in taking account of the relative
motion of the points of the elastic body relative to the Jz,Z,%5 coordinate system, and
the internal stresses originating therein, whose density in an area with exterior normal
n (relative to the considered part of the elastic body) will be denoted by p,,. As is known
[2], the vector P, is expressed linearly in terms of the stresses p,(i = 1,2,3) on areas
taken at the same point of the elastic body, which are orthogonal to the ,-axes

Pn - P11+ Pafia |- Pafts (1.6)
where n; are cosines of angles formed by the unit external normal vector n and the
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z,-axes, We denote the projections of the vector p,on the axis z; by py;,where py; =
= DPji-

From the analytical mechanics viewpoint, the internal stresses are the reactions of
couplings existing between points of the elastic body under the condition of continuity
of the displacement field u(r®, ¢). Utilizing the release principle, we include the stresses
among the active forces by hence considering the possible displacements §r : of points
of the elastic body relative to the Ozx,;Z,z3 coordinate system as perfectly arbitrary
continuous functions of the coordinates z, of points of the body. The sum of the elemen-
tary work of the internal surface stress forces on the possible displacements 8r (2, 3]

=\ T e G e ) (.7)

should hence be included in the work of the active forces in the expression of the Hamil-
ton-Ostrogradskii principle,

Performing the appropriate computations, analogous to those on pp, 31-35 in [1], we
obtain the following equatijons of motion of an elastic body with a fluid in its cavity
from the principle of least action

_E?_+mx(}+v0><Q=L (ngruva) (1.9)
P1<% -i-mxv)=plF+ g:: + a + a::, (1.10)
__+m><v=F—F12—gradp (1.41)

and the dynamic boundary conditions
Pn=F, on S;yPa=0ong
Pn = (P — 2Ha, )0 on o, (1.12)
p=2Ha on §,co80=—a,/a on.f

Here p is the hydrodynamic pressure, K and L the principal vector and principal
moment of the external active forces applied to the system, with respect to the point.0;
F and F,, are densities of the mass and external surface forces acting on the elastic
body and fluid, « and @ysurface tension coefficients on the fluid vacuum and fluid-
elastic body surfaces, 2H the mean curvature of the fluid surface -S,’, 6 the boundary
angle on the line f of intersection between the free fluid surface S and the cavity walls
¢ , n{! the unit external vector normal to the boundary S ; of the domain 7, (i = 1,2).
Equations (1. 8) and (1. 9) express the general dynamics theorems of the system momen-
tum and moment of momentum; (1, 10) are the equations of motion of a continuum,
which take the form of the Euler equations (1. 11) for a perfect fluid. The equation of
fluid incompressibility div w=20 (1.13)

as well as definite kinematic conditions [2] on the boundaries of the domains T,should be
appended to these equations. Let us note that (1,10) and (1, 11) are expediently written
in the relative velocities w in a number of cases, by expressing the absolute velocities
v according to (1. 2),

The obtained system of equations of motion (1. 8)—(1, 11),(1,13) is an open system
of nonlinear equations, To close it, it is necessary to append relationships expressing
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the stress-strain dependencies, which are connected with the selection of a definite con-
tinuum model, Let us take the model of a solid deformable body, considered as a mate~
rial continuum, for which the strain processes are reversible, To obtain a closed system
of equations in this case, it is sufficient to give the external heat influx dq and the inter-
nal energy U or the free energy A = U — T's referred to unit body mass, as is known
[2). We shall henceforth assume that the densities of the internal energy U or the free
energy A are defined completely by the strains and entropies § or the absolute tempe-
rature T, i, e, by the following functions:

U= Ul s), A =A(e;;, T) (1.14)
where
3
1 [ 9y du; Quy  duy S 4 =
&= (0x]~° + oz° -r RZ_'I oz° Oz (,j=1, 2,3) (1.19)

denote the finite strain tensor components,
The stress tensor components are expressed in terms of the strain and entropy or tem-
perature by the following equations of state :

U 9A4
Pii= M Be; P1‘a§ (1.16)

where the entropy s or temperature T must be determined by utilizing the thermodyna-

mic equations v 94
T=% o 8=— (1.47)
and the equations of external heat influx
dg = T ds (1.18)

expressing the second law of thermodynamics,

The right side of this equation can be expressed by taking account of (1,17) or in
terms of U and s, or 4 and T'. The adiabatic processes dg — ds = 0, consequently
it is convenient to utilize the internal energy U, For isothermal processes T = const,
hence it is convenient to utilize the free energy A4; Eq. (1.18) is used to determine the
heat infulx,

Moreover, it is necessary to append the continuity equation of an elastic body

3p /0t + divp,w) = 0 (1.19)
utilized to determine the body density p,(Z;, *;, 3, t), and also the differential equa-
tions for some variable parameters when the forces acting on the system depend thereon
(£35

The dynamic equations (1, 8)—(1, 11), the continuity equations (1, 13) and (1, 19), the
equations of state (1, 16) taking account of (1, 15) and (1, 17), and the heat influx equa-
tion (1, 18) form, together with the boundary conditions and the equations for the para-
meters, a complete closed system of nonlinear equations of motion of an elastic body
with a cavity containing a fluid,

Let us note that this system of equations can serve as the initial one for various appro-
ximate equations obtained by means of linearization,

2, Under specific conditions the equations of motion of an elastic body with a fluid
admit of certain first integrals, of which we examine here the energy and area integrals,
Let us multiply (1, 8) and (1, 9) scalarly by v, and @, respectively, (1, 10) and (1, 11)
by wdt and p,wdt, respectively, and let us integrate these latter two results over the
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domains T,and T3,and then let us add the equations obtained,
Taking account of the continuity equation, we will hence have [1]

dE 0 a aps
2E Kvo+Lm+S(plF+ gl R wdr+

+ p“‘S (F — -;; grad p') -wdt (2.1)

Taking account of the boundary conditions and (1, 13)—(1, 18), (1. 19), it is easy to

obtain /9 9 » d
M Pr 6:1:2 -+ p")-wdt: _\Fn~wd8—-d—,gpde1-’+
Ty S T

+{p 2 dr+§( — 2Ho,) n® .- wdS

T1

S w-grad pdt = S pw-n®ds 4 SZHaw-ndS
8

Ts G;
By virtue of these relationships, (2, 1) becomes

——(E+H1+H2)= K-vo+L-o+{ pF-wdr +

T
+{pF-war +(F, wds+gp1 29 g (2.2)
T2 S
Hl = QPIU dr, [[2 =as + 153
T
Here II; and [, are the potential strain energy and the surface tension force, Equa-
tion (2, 2) expresses the theorem on the kinetic energy of a system, or the first law of
thermodynamics,
Let us note that when there are no internal heat sources in the body, the total heat
influx per unit time equals the total heat flux within the body through its outer surface

i.e,
{019 g = —{ q-nds 2.3)
Ty S1
where q denotes the heat flux vector,
If all the external forces acting on the system were potential forces, possessing a sta-
tionary force function, then -
K-vo+L-0 4 { pF-war + { p,F - wdr 4 § F,wdS=— 2L
o T ! (2.4)

In this equality
= Q p1U1 (g5, z;) dt —S p2U2 (g5, z:) dv —S Us(g;,%:)dS  (2.5)
'.l Ty
denotes the potential energy of the external forces acting on the system, which generally
depends on the location of the Oz,Z,Zg coordinate system in the O'z,’z;’ x3 space
defined by the generalized coordinates ¢; (j = 1,..., n), and on the shapes of the
domains T, and T, and of the body surface S,. Here U, (¢;, z;) and Uz(q;, z;) denote
the force functions of the forces applied to the body and fluid particles, respectively,
and Us(g;.z,) is the force function of the surface forces applied to points of the body
surface S; , Under conditions (2, 3) and (2, 4), Eq, (2. 2) becomes
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d
i E+V=={qnds =141, (2.6)
Sy

Here V denotes the system potential energy which equals the sum of potential ener-
gies of the external forces acting on the system, the surface tension forces and the strains,

Let us note that an equation of the form (2, 6) is valid under the assumptions mentioned
even for a nonfree elastic body with stationary constraints [1},

Under the condition that the total heat flux through the body surface is zero, i. e,

”

yqndS =0 (2.7)
the energy integral >
E 4+ V =h = const (2.8)

follows immediately from Eq, (2, 6),

Thus, if the external forces acting on the system are potential forces, and conditions
(2. 3) and (2, 7) are satisfied, then the sum of the system kinetic and potential energies
remains constant throughout the motion,

Now, let us assune that the external forces acting on a free elastic body do not yield
the moment relative to some fixed axis Z3’.Under these conditions, the projection of the
system moment of momentum on this axis remains constant, Indeed, let us multiply (1,8)
vectorially on the left by the vector r," and let us add to (1, 9), we hence obtain the

equation g */dt 4+ @X Gy =L + 1, x K, Gor = G + 1," X Q (2.9)
which expresses the theorem on the moment of momentum for a fixed point 0’. Let us
then multiply (2, 9) scalarly by the unit vector iy’ in the zg'direction

d ., diy’ L
A (Goig) — G- [T +oxiy) =0 2.10)

The vector i satisfies the Poisson equation [1]
dig’/dt + 0 Xig =0
We hence immediately obtain the area integral
Gge-ig" = const (2.11)

This integral holds even for a nonfree elastic body if the constraints imposed admit of
rotation around the line zj'.

8, In cases when the forces acting on the elastic body and the fluid in its cavity are
potential forces, and a system potential energy V exists, a system equilibrium position
can be found according to the principle of virtual displacements from the condition

BV = OIL 4 81T, |- 81Ty = 6Q*  (8Q* == | pidq dv) (3.1)

Here §Q* is the total heat influx to the elastic body,

Let us assume that the elastic body is either free or constrained by some holonomic
constraints explicitly independent of the time, Let ¢;(j = 1, .., n < 6) denote the
Lagrange coordinates of the Oz, 7,73 reference coordinate system, The system potential
energy V is a functional dependent on both the coordinates g; and the body and fluid
shapes as well, i, e, on the domains ¢, and Ty and their boundaries; the strain energy I1,
and surface tension [, are evidently independent of g;.

Let us write (3, 1) explicitly by subtracting the term
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{pdiverar= § pn2.ords —§ grad p-ordv =0
<3 S+6. Ts
from the left side, We will hence have

a ap: ad
o =3 2 T b= (pugrad Vst 3+ 5 + o )-drdv —
=1

S (p; grad U, — grad p)-drd r—g (grad Uz —p,)-0rdS —

Ts

—{ (p— 2Ha) n®.8rds — \ (p— 2Ha1)n~6rdb + pa-drds +
S -1 Oz

-+ S pn.brdS—{—S(acose 4+ o;)n-drdf + S 01 %53(1, = 8Q*
9y 1 4

By usual means we obtain the system equilibrium equation from this equation

oV/jog; = g=1,...,n)
p; grad U1+ apl ZZ + gz: =0 grad Uz—?t—gradpzo (3.2)

and the heat influx equation

Gq = T's
together with the boundary conditions (1, 12). The coordinates ¢y of the Oz,r1,25 refer-
ence system in equilibrium are determined from the first group of these equations, and
the displacement field of the elastic body and the pressure in the fluid in equilibrium
are determined from the other groups of equations,

Let us examine the case when the body is free or constrained by stationary constraints
admitting rotation of the whole system as a single solid around some fixed line 2’ 4,and
the forces acting on the system, assumed to be potential, do not yijeld a moment
relative to this line, Under these conditions an area integral of the form (2, 11) exists

G:y = k = const 3.3)

Let us introduce a system of coordinate axes 0" E,Ezxy rotating aroud the Zg-axis at
some angular velocity . We agree to select the quantity @ so that the projection of
the system moment of momentum relative to the O’ £, 8,z coordinate system on the
z3 -axis would be zero at any time, The total system energy condition can hence be

represented as E+V=E® _*__‘12_ ’f’_’ i (3.4)

Here EM {5 the system kinetic energy while it moves relative to the O’ §,8a5 coor-
dinate axes, and J is the system moment of inertia with respect to the Ty -axis.

Among the real system motions there are, under the assumptions made on the forces
and constraints, uniform rotations of the whole system as a single solid around the 3"~
axis determined from the equation

W =080, W= ko = Jowo (3.9)

Here W denotes the changed potential energy of the system, k, is a fixed value of
the constant % of the area integral for uniform rotation of the whole system at the an-
gular velocity .

Let us note that W is a functional dependent on the shape of the domains 1, and T,
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and their boundaries, and on the coordinates g, (r = 1,..., n — 1) of the O, 7,Z5
reference system if it is agreed that ¢, denotes the angle of rotation around the z5"-axis,

From (3. 5) we obtain the following equations of stationary motion of an elastic body
with a fluid:

ow L kK 8J oV =1,...,n—1
K’}Tw 2 T&q + aq, =0 r=L...,n=1)
k.2 a a8 a N
pl(grad Ul+ 5 )+ | (3.6)
grad Uy + —5— Tp_ L grad p=20, ZU

as well as the boundary conditions (1. 12). Here R denotes the vector of the shortest
distance between the Zz-axis and points of the body or fluid, It is understood that the
equilibrium equation (3,2) or the stationary motion equation (3, 6) can be obtained
directly from the equations of motion (1, 8)—(1, 11), but for us it is important that these
equations are corollaries of conditions (3, 1) or (3, 5), which are the conditions for station~
arity of the potential energy V or the changed potential energy W of the system in the
case Q% =0,

4, An elastic body with fluid in its cavity possesses an infinite number of degrees of
freedom and it must be agreed as to what is to be understood by the stability of its mo-
tion,

Firstly, the definition given by Liapunov of stability of the fluid equilibrium mode can
be taken and extended to an elastic body with a fluid, The stable equilibrium modes are
hence defined as those modes for which the fluid and body modes remain very slightly
different from their equilibrium modes after sufficiently small perturbations have been
communicated to the fluid and body, at least until arbitrarily fine threadlike or sheetlike
protuberances form on the surfaces of the fluid and body, Such protuberances may be
large in a linear dimension but small in volume, and they can thereby sustain small
portions of the energy,

Hence, the distances /; and /, , the inclinations V, and V, of the body and fluid defined
as in [1], and the inclinations A, and A, of the perturbed surfaces g, and .S to the unper-
turbed surfaces 6, and S defined as the differences between the areas of the perturbed
and unperturbed surfaces are introduced

Al = Gg — 62(0), Ag o= Sz — S©

Another definition of the stability of the unperturbed motion can be taken by introdu-
cing some integral characteristics of continuum motion [1],

For definiteness, let us take Ly norms -as relative displacement and velocity fields at
the time ¢ by defining them by means of the equations

. 1 1 .
Ju® = "M“'S puidr, WO = —S pWT  (i=1,2)
A %

Definition, If for any arbitrarily assigned positive numbers 4, and 4, no matter

how small, there can be selected positive numbers A,, A, and A, such that for any initial

values ¢jo, g jo» Wo» Nigs Up (or 1,,) satisfying the conditions

ol <ha o [<Khe, IW0I<he TuPI<ha )
(o | <M, Vio = &lyo), [ Ao ] <A, |Wo|<lhs
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and for any ¢ > ¢, (or at least until V, > el,), the following inequalities would be

safied: g1 <Ay 17 1<4w [uO]<4Ar (1K]<4Y)
|8 <Ay, [WO< 4,

then the unperturbed stationary motion (or equilibrium) of an elastic body with a fluid

is stable ; otherwise it is unstable,

Here & denotes some sufficiently small positive number, and €l; can be considered as
possible inclinations of the body and fluid [1]; for unperturbed motion g; = 0(j = 1,..
...y n — 1 for the atationary motion case,and j =1, ..., n for the equilibrium case);
z,= 2% (i = 1,2,3).

We take the concept of the minimum of the functional W as in [1], which is equivalent
to the concept of positive definiteness [4] of the functional W — W®), where W™ = 0
is the value of W for unperturbed motion,

Let us first consider adiabatic processes of elastic body deformation for which §Q¥ =
= 0s = 0, s = const.

Theorem 1, If the expression

1 ket

Weo 2tV (V)

has a minimum W® (V(®) for stationary motion (equilibrium) of an elastic body with
a cavity filled with fluid, then the stationary motion (equilibrium) is stable for adiaba-
tic processes of elastic body deformation,

The proof of this theorem is analogous to the proof of Theorem 2 presented below,

Let us note that we obtain the Lagrange theorem in the case k, = 0,

Let us now examine the case when the heat flux vector is ¢ = 0 and the temperature
has the constant value Ty for unperturbed stationary motion or equilibrium of an elastic
body with fluid, Let us assume that the thermal boundary conditions are such that a local
increase in temperature on the body surface is the result of heat flux directed outward,

i. e, the following condition is valid on the surface of the elastic body S;:
(T — Th)g:n >0 (4.3)

This condition evidently includes limit cases of both the complete heat insulation of
an elastic body when q = 0, and maintenance of the body surface at the constant tem-
perature I = T,

The vis viva equation (2, 6) under the condition (4. 3) can easily be transformed into

the equation g , >
& (E+n4 pl(U—Tls)d‘r—}—ﬂg):S (%‘_—l)q-ndé‘—}—

Ty pu

(4.2)

1 -
+TIS Tq-grad Td'r—TIS p1s- dr 0 (4-4)
T T4
whose right side is positive [4], on the basis of the Clausfus-Duhem inequality and the
complementary Fourier inequality for the heat conduction, As Koiter has shown

U (o) = Tis = Aleg T - 2 (1= T (.5)
94 \*
T*=T4+0(T1—T) (0<8), CY‘=—T‘(M,,)

where C.* denotes the specific heat of the body for constant strain and temperature T*.
Introducing the rotating 0'%,§,z’ coordinate system of Sect, 3, and taking account of
(4, 5), we obtain an inequality from (4, 4)
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d 1 &
@ (B4 57 +w)<o
It hence follows that

T g L ¥ | 1.6
EV + 5-—— 4+ < +5 7 +h) (1.6)
The subscript 0 here denotes the initial value of the comesponding quantities; v, is
the system potential energy .
m=n+m+nﬁulgc*(ﬂ~ﬂwwf
2 DA
1
in which, in contrast to the expression for V , the strain potential energy of the elastic
body is taken in the form I, zg o1 A (e

i Tl) dt

i. e, is the total free energy of the body for isothermal strains at the constant temperature

7,.

Theorem 2, If the expression
1k

W=7

has a minimum for the stationary motion (equilibrium) of an elastic body with a cavity

containing a fluid, then the stationary motion (equilibrium) is stable,

Proof, Let us derive the system from the considered stationary motion (equilibrium)
by communicating some sufficiently small initial deflections and velocities to its points
so that the inftial value of the energy W would be sufficiently small, Left alone, the
system will later move in conformity with the inequality (4. 6), which we rewrite as

1 k2—k? 1k — k2
EO 4 W4 7 < (B0 4 W )

Let us recall that & denotes the value of the constant area for the perturbed motion,
and ko for the unperturbed motion, When the unperturbed motion is in equilibrium, then
k = ko = 0.

Let A1 be some arbitrarily small positive number, Let W, denote the least possible
value which the functional W can take if one of the cqordinates ¢; {(f = 1,...,n — 1), the
inclination A;,and the norm || u® || (or the distance /) equals4, in absolute value,
and the rest of these values (and the inclination V;) satisfy the conditions

+Vy (V)

@.7)

(G1< A, A< A, <A (1L1<A, vy>el) (5.8)
Let us select the number 4, so small that the following inequality would be satisfied
{w, — w4, (4.9)

where 4, is an arbirarily assigned positive number, We take the initial values of g;, Ay,
1l u (or I;) so small that they would satisfy conditions (4, 8) with inequality signs such
that the initial value W, would be less than W), and the initial velocities w of points of
the system are such that the inequality

1 1 1
would be conserved for all values which J can have upon compliance with the conditions
lg;1<4;, <4 ()< A) (4.11)

For such a choice of the initial conditions, according to (4.7),we shall have the inequa-
Hty E® L w W, (4.12)
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in all the subsequent time of the motion while the inequalities (4. 11) are satisfied, it
hence follows that W < W,. This inequality will be satisfied at least while lgjl, | A¢l,
lu® || (or | 4 |) remain not greater than 4,. But the initial values of these quantities
are less than A4, by assumption, and since they change continuously, they cannot become
greater than 4, without first becoming equal to 4,. But this latter is impossible (under
the condition V> el;) because of (4, 12), Taking account of (4. 9), it follows from the
inequality (4, 12) that | EV < A,, on which basis we deduce compliance with all the
conditions (4,2), The theorem is proved,

Let us note that Theorems 1 and 2 remain valid even when the fluid in the cavity is
viscous [1], and dissipative forces dependent on ¢; (j =1,..., n — 1) act on the elastic
body, Moreover, in this case the validity of a theorem analogous to Theorems VI and
VII in {1}, (pp. 184-185) can be proved,

The inversion of the Lagrange theorem given by Chetaev {5], which is analogous to
the proof of Theorem III i [1] (p. 178), can also be extended for an elastic body with
a fluid,
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Papers [1—5] deal in detail with the stability of steady plane-parallel convective motion
between planes at different temperatures, The, present paper concerns the stabflity of
the motion which arises between parallel vertical surfaces when the transverse tempera-
ture difference is accompanied by a longitudinal (upward or downward) temperature gra-
dient, The presence of a longitudinal temperature gradient has a marked effect on the
structure of the steady motjon (see [6, 7]); the character of this effect differs depending
on whether heat is applied at the bottom or at the top, The effect of top heating on the
stability of convective motion was investigated by the authors of [8, 9], whose results
are criticized below, To our knowledge the effect of bottom heating has not been
investigated,

We solved the boundary value problem for the amplitudes of the normal perturbations



